SINGULAR OPEN BOOK STRUCTURES FROM REAL MAPPINGS 



MIHAI TIBAR, CHEN YING, AND RAIMUNDO N. ARAUJO DOS SANTOS 

Abstract. We prove extensions of Milnor's theorem for germs with nonisolated singu- 
larity and use them to find new classes of genuine real analytic mappings ip with positive 
dimensional singular locus Sing?/> C Vj _1 (0), for which the Milnor fibration exists and 
yields an open book structure with singular binding. 



1. Introduction and main results 

Let ip : (R. m , 0) — > (MP, 0) be some analytic mapping germ, m > p > 2, and let 
V := ?/> -1 (0). The special case of Sing?/' = {0} has been considered by Milnor; his |Mil 
Theorem 11.2] tells that there exists a mapping 

(i) sr'XK^sr 1 

which is a locally trivial fibration and its diffeomorphism type is independent of e > 
small enough and of < 5 <C e. Moreover, the sphere is endowed with what one 

may call higher open book structure with binding K £ (cf |AT2l Definition 2.1]). Let 
us remark that the condition V H Sing-?/> C {0} is the most general one under which 
higher open book structures with binding K may exist. Our investigation focuses on the 
situation Sing-^ C V, when the link K is no more a manifold, but which is the most 
general situation in which a locally trivial fibration (CQ) may exist. Moreover, in the real 
setting the mapping if) does not necessarily have a "good" structure near V; this is indeed 
different from the case of a single holomorphic function studied by Milnor (see (j2J) below), 
but if we increase the number of holomorphic functions then the behaviour may be again 
"bad" and one may relate it to the failure of the Thorn condition along V, a well-known 
phenomenon in the setting of holomorphic mappings. See §4.11 for several remarks about 
conditions along V. 

Definition 1.1. We say that the pair (K, 9) is a higher open book structure with singular 
binding on a manifold M (or a singular fibered link) if K C M is a singular real subvariety 
and 6 : M \K — )■ Sf~ is a locally trivial smooth fibration such that K admits a neigh- 

h s /\\ s \\ 1 

bourhood N for which the restriction 9\n\k is the composition N\K — y B p \{0} —y 
where h is a locally trivial fibration. 
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One says that K is the binding and that the (closures of) the fibers of 6 are the pages 
of the open book. 

Let us notice that from the above definition it follows that 9 is surjective. 

Open books are frequent in the literature, they are known under various other names 
like fibered links or Neuwirth-Stallings pairs [Loj or even Lefschetz pencils. In the classical 
definition of an open book (see e.g. |Wij ) we have p = 2, K C M is a 2-codimensional 
submanifold which admits a neighbourhood N diffeomorphic to B 2 x K for which K is 
identified with {0} x K and the restriction 8\n\k is the following composition with the 

natural projections N\K d ~° (B 2 \ {0}) x K P 4 j B 2 \ {0} S 1 . In [AT2] we have 
defined a "higher" open book structure, in which p > 2. 

Let us point out that the notion of "open book with singular binding" preserves the two 
main aspects of the classical definitions, namely that the complement of the link fibers 
over the unit sphere and that the fibration has an especially nice behaviour near the link 
("like an open book") and the latter gives the name of the object itself. 

We first formulate the following extension^ of |Mit Theorem 11.2] which uses Definition 
II. 1[ the proof of which is derived in §|2]only from carefully revisiting Milnor's construction: 

Theorem 1.2. [M] 

Let ip : (M m ,0) — > (M p , 0) be an analytic mapping germ with Sing-^ C V. Suppose that 
M(ip) \ VC\V = {0}. Then there exists a higher open book structure with singular binding 
(K e ,9) on S™' 1 , which is independent of e > small enough, up to isotopies. 

The definition of the set M(ip) involves the p-regularity, which expresses the transver- 
sality of the fibres of a mapping ip to the levels of p. It is a basic tool, used by many 
authors (Milnor, Mather, Looijenga, Bekka etc) in the local stratified setting as well as 
at infinity, like in e.g. |NZj ITil} ITi2j . in order to produce locally trivial fibrations. As 
in |ATlj . in this paper we shall tacitly use as function p the Euclidean distance function 
and its open balls and spheres of radius e, currently denoted by B e and S £ respectively. 

Definition 1.3. Let U C M. m be an open set and let p : U — > M>o be a proper analytic 
function. We say that the set of p-nonregular points (sometimes called the Milnor set, 
e.g. in |NZj ) of an analytic mapping : U — > M p is the set of non-transversality between 
p and i.e. M(#) := {x E U \ p tf\ x 

Similarly, the set of p-nonregular points of the mapping : U \ V — > Sf~ is the set: 
M(^) := closure^ eU\V\pfc 

From the above definition it follows that M( 1 J r ) is a relatively closed analytic set con- 
taining the singular set Sing^. As for Mf-p^r), it is by definition closed but does no 

necessarily include Sing \l/. We nevertheless have M(jj^jr) \ V C M(\E') \ V. In the follow- 
ing we conceive these non-regularity sets as set germs at the origin. 

It turns out that, in case Sing-?/> C V, the condition^ u M(ip) \ V fl V = {0}" insures 
the existence of the locally trivial fibration iV \ K A B p \ {0} from Definition 11.11 It 

1 see our Remark 12.11 comparing this statement to another extension formulated by Pichon and Seade 
in [EH]- 

Condition also used by Massey |Maj in his study of the local fibration of tp near V. 



OPEN BOOK STRUCTURES FROM REAL MAPPINGS 



3 



is implied by the Thorn regularity condition at V and we shall discuss this relation and 
other criteria in §H We show by Example 14.11 how to check this condition directly. 

In case p = 2 and when if) is the pair of functions "the real and the imaginary part" 
of a holomorphic function germ / : (C n , 0) — > (C, 0), Milnor |Mi[ §4] had proved that the 
natural mapping: 

(2) X : 5*.-i \ R £ Si 

is itself a C°° locally trivial fibration, moreover, that this mapping provides a singular 
open book decomposition of the odd dimensional spheres S^ n ~ l without restriction on 
the singular locus of /. We recall that in this setting we have the following inclusion of 
set-germs at the origin: Sing / C V = / _1 (0). 

In the real analytic setting, Milnor observed that the open book structure (JT|) may not 
be induced by the mapping 9 = ^. He gave an example [Mi} p. 99] of if) with isolated 
singularity, m = p = 2 and K — 0, showing that the mapping 

(3) -fi-r : S™- 1 \K e ^ S\ 



is not a submersion, hence not a locally trivial fibration. 

In case of isolated singularity and p — 2, several authors obtained sufficient conditions 
under which (j3J) is a fibration |Jal| Ua2| IRSj IRSV] and provided examples showing that 
the class of real mapping germs if) with isolated singularity satisfying them enlarges the 
class of holomorphic functions /. For a more general setting Sing?/> fl V C {0} and any 
m > p > 2 we have given an existence criterion in [AT2] . The following theorem goes 
beyond this, by allowing singularities in V too. 

Theorem 1.4. Let if> : (IR m ,0) — > (MP, 0) be an analytic mapping germ and suppose that 
M(ip)\VnV = {0}. 

If M(wjjjnr) = then (K e , is an open book structure with singular binding on 5 1 ™" 1 , 
independent of e > small enough, up to isotopies. 



The assumed condition u M(ip) \ V fl V = {0}" allows nonisolated singularities since 
it implies M(ip) = A U B where A C V and B fl V C {0} and we have seen that 
Sing-?/> C M(ip). Therefore Theorem 11.41 represents a simultaneous extension of |AT2| 
Theorem 2.2] and of our unpublished |AT1| Proposition 5.3^1 where the singular locus is 
either of type B only or of type A only, respectively. See also Remark 12.21 

We single out here a class of weighted-homogeneous mappings if> for which (K £ , if>/\\il)\\) 
is a higher singular open book which is moreover isomorphic to the tube fibration ([H]). 
Whereas this behaviour is well-known for holomorphic functions, it is not usual in the 
cathegory of real analytic mappings. In [PSJ , it is shown that the mappings of typ^5 
fg : (C 2 , 0) (C, 0), where /, g : C 2 — > C are holomorphic functions such that Sing fg C 
V, have a Milnor fibration fg/\fg\ : S| \ K e -»■ S 1 and a "tube fibration" like @. It 



3 it appears that our result [AT 11 Proposition 5.3, Remark 5.4] got lately an expanded proof in CSS, 
Theorem 5.3]. The reader could be quite interested to compare [ATI] , and more particularly its Section 
5, to |CSSj and to the surprising citation about it [CSS1 p. 423, lines 5-8]. 
for more aspects of the germs of type fg, see also |RSV1 ISell ISe2j 
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actually turns out, by using our terminology developed in the present paper, that one has 
an open book structure with singular binding (K E , fg/\fg\). The proof of |PS[ Corollary 
1.7] is however not direct, involves the study of the meromorphic germ f/g and of its 
link, and holds only in 2 complex variables. It is claimed in loc.cit. that it holds for a 
2-dimensional space (X, 0) with isolated singularity in place of the ground space (C 2 ,0), 
but this is presented as a consequence of [PS} Theorem 1.7] which seems to have a gap in 
the proof; see Remark 12. II below. 

To produce our new class of higher dimensional examples, we use the theory of mixed 
functions, i.e. real analytic mappings IR 2n ~ C n — > C ~ M 2 , recently developed by Mutsuo 
Oka (see [Okall IOka2] and our footnote at §3.2p . The necessary definitions are given in 

m 

Theorem 1.5. Let f : C n — > C be a mixed polynomial which is radial homogeneous 
and polar weighted-homogeneous. Then (K £ , |j4r) is an open book structure with singular 

binding on S 2 ^ 1 , independent of e > small enough, up to isotopies. Moreover, the 
Milnor fibration : S 2 ™' 1 \ K £ — > Si is isomorphic to the tube fibration (0|). 

If in the preceding statement one assumes radial weighted-homogeneous instead of 
homogeneous then the mentioned Milnor fibration on the spheres still exists, a fact which 
was observed by Oka |Okalt §5.4] and Cisneros- Molina [CM, Prop. 3.4]. Here we are 
concerned with the more delicate notion of open book structure, hence we want to prove 
the "good" behaviour near K e (see the remark after Definition 11.11) which is not an issue 
in the above mentioned results loc.cit. Although the Euler vector field is one of the 
main ingredients, our proof is different, it is based on our previous theorems and contains 
parts which are more general, like Proposition 13.11 See §4.11 for remarks concerning the 
conditions one has to impose near the link, Oka's result |Oka2j Theorem 52] and Example 

o 

Example 1.6. / : C 3 -> C, / = xy 2 + xz 2 has Sing / = {y = z = 0} U {x = 0, y = Xz | 
A G S 1 } C V, hence a nonisolated singular locus. It is radial homogeneous of degree 3 and 
polar weighted-homogeneous of weights (3, 2, 1) and degree 1, so it verifies the hypotheses 
of Theorem ll.5[ hence its conclusion too. 

We produce two new and more ellaborated examples in §U one of them by using a 
Thom-Sebastiani type statement, Proposition 14.21 The results of §4]are at the origin of a 
far-reaching extension which will be the object of a subsequent paper |DTY] . 

Note 1.7. One may work in a slightly more general setting than Definition ll.il instead of 
a manifold M, let M be a connected compact real analytic set with Sing M C K. In this 
paper M is the link of (M m ,0), hence a sphere, but we may also consider a real analytic 
germ (X, 0) C (M. m , 0) with connected link M with respect to some distance function 
which is not necessarily the Euclidean one, and mappings ip : (X, 0) — > (MP, 0) such that 
SingX C -?/> _1 (0). Then one has to modify Milnor's proof §2. 1.21 such that the vector field 
along which one blows the tube to the spere is tangent to X. See also Remark 12.11 

Even more generally, if one considers any singular stratified space X and its link M, 
then Milnor's method reviewed in §2.1l still works, i.e. extends (by using classical technical 
devices of "radial vector fields") for stratified transversality and stratified vector fields. 
This yields what one could call open book structures with singular pages. 
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2. Proof of Theorems 11.21 and 11.41 

2.1. Revisiting Milnor's method. In case of mapping germs ip : (M m ,0) — > (IR p ,0), in 
Milnor's proof [Mil p. 97-99, Theorem 11.2] of the existence of a locally trivial fibration 
([T]) one may distinguish two key parts, already pointed out in \AT1\ §5]. We explain 
them below in order to show how they apply to the more general situation displayed in 
Theorem 11.21 

2.1.1. Existence of the tube fibration. Assume that there exists sq > such that the 
mapping: 

(4) ift:B?nr 1 (B>\{0})^B>\{0} 

is a locally trivial C°°-fibration, for all < e < Eq and < rj = r](e) <C e. We shall call it 
the tube fibration. 

In the case Sing^ = {0} considered by Milnor, V is transverse to all small enough 
spheres and therefore any such sphere is also transverse to all nearby fibres, which are 
moreover non-singular. By Ehresmann theorem, one concludes to the existence of the 
tube fibration. 

2.1.2. Blowing out the tube to the sphere. This consists of the "inflation" of the empty 
tube B™ n^" 1 ^- 1 ) to the sphere S™~ 1 \ K £ . Milnor explains in [M3 P- 99] that, given 
a real analytic mapping ip, one may construct^], like in [Mil Lemma 11.3 and §5.10], a 
nowhere zero C°°-vector field v (x) on B^ l \ip~ 1 (B^) satisfying the following two conditions: 
(x, v(x)) > and (grad ||-?/>(a;)|| 2 , v(x)) > 0. The first condition says that v (x) is transverse 
to all small spheres and points outwards, and the second conditions says that the mapping 
1 1 -0 (^) 1 1 2 increases along the flow. This vector field may be integrated and produces a 
diffeomorphism: 

(5) 7 : b? n r\s^ x ) sr l \ r\B*). 

This procedure combines the position vector field x with the gradient vector field 
grad \\ip\\ 2 and works if the latter is nowhere zero in the neighbourhood of ifj~ l (B^), if 
the two vector fields never point in the opposite directions [Mil Cor. 3.4], and if the 
empty tube B™ r\ip~ 1 (S^~ 1 ) is a manifold with boundary. Milnor uses this construction 
for holomorphic functions /, where Sing / C V and for real mappings with Sing?/> = {0}. 
Nevertheless, all these conditions hold locally at whenever Sing^ C V. 

2.1.3. Conclusions. If the tube fibration (jlj) exists, then its restriction 

(6) V| = B^n^iS?- 1 ) S?- 1 

is a locally trivial C°°-fibration too. 

If the inflating procedure works, then the diffeomorphism (jSJ) induces a mapping fi : 
gm-i y xJ)-i(BP) — > S'^ 1 which is a locally trivial fibration and coincides with ip on 



In an unpublished preprint, Milnor had given an even more explicit construction of such a vector 
field; a presentation of it may be found in [PS1 Theorem 1.3]. 
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gm-i p| ^ ) - 1 (^SP~ 1 ). This may be composed with the mapping jAr : S^ 1 — > Sf^ 1 and 
yields a locally trivial fibration 



2.2. End of the proof of Theorem [L2]. The hypothesis M(ip) \ V n V = {0} is 
equivalent to the existence of a neighbourhood M of V \ {0} such that M (■?/>) rijV\ V = 0. 
Together with Sing-^ C V, these imply that for any e > small enough, there exists 
some positive 7] e such that the mapping fl3j) is a proper submersion. Indeed, the 
properness follows since the restriction of if) to B™ \ V is proper, and "submersion" is 
a consequence of the condition Sing-^ C V and of the transversality of the fibres to the 
boundary S 1 ™ -1 = dB™. We may therefore apply Ehresmann's theorem |Eh| IWoj for 
manifolds with boundary to conclude to the existence of the locally trivial fibration (j4|) @ 
To show that the fibration ([7j) extends to an open book structure on one must 

produce the application 9 (cf Definition II .ip . Milnor does not give explicitly the extension 
of ([7|) to flTJ in case Sing-?/; = {0} since this is an easy matter (see |Mi| Remark, p. 99]: 
"with a little more effort..."). Indeed, the fibration (J7J) may be glued along 5*™ _1 fl 
ip^iSP' 1 ) to the locally trivial fibration S™- 1 n^j-\BP\ {0}) Bp\{0} composed with 
the mapping tAt : Bp\{0} — > Sf^ 1 since their restrictions to this boundary coincide. This 
glueing can be done in the C°° category and produces a locally trivial C°°-fibration. We 
then define 9 to be the result of the glueing of // with jA- o : S 1 ™" 1 fl ij)~ x {Bv \ {0}) —> 

BP \ {0} -»■ Sf , and get that (if e ,0) is an open book decomposition of S 1 ™ x . □ 
See §|H for criteria concerning the hypothesis M(ip) \ V fl V = {0}. 

Remark 2.1. In [PSl Theorem 1.3] the authors state that if Sing?/' C V and if Thorn's 
condition holds along V, then there is an empty tube fibration like ([6]) and a Milnor 
fibration out of this tube, which are equivalent. As the authors remark themselves [PS[ p. 
488 and 492], this is another re-formulation of Milnor's results which follows from Milnor's 
method revisited above. There are the following differences: 1). their hypothesis of Thorn 
regularity implies our condition M(ip) \ V fl V = {0} whereas the converse is presumably 
not true (see below §4.11 for a discussion of this relation and Example 14. ip . and 2). We 
single out the nice behaviour near the link (hence inside the tube) which produces an 
"open book" structure near the link K. 

Nevertheless, |PS| Theorem 1.3] is stated for a space X with isolated singularity instead 
of M m . However Milnor's original proof as employed in loc.cit. does not work in such 
generality since Milnor's vector field built up with the position vector field of M. N D X 
as ingredient is not necessarily tangent to X. Apparently the loc.cit. use of local charts 
on X \ {0} does not save the situation, since locally the vector field is not globally radial 
whereas the position vector field is globally defined but not tangent to X. See also §2.1.21 
above and the footnote to it, and see our Note 11.71 on how to work in a more general 
setting than in [PS]. 



'This observation is also contained in |Mal Theorem 4.4]. 
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2.3. Proof of Theorem 11.41 As explained above at §2.2[ the condition M(ip) \ V D 
V = {0} is equivalent to the existence of a neighbourhood M of V \ {0} such that 
M(/0) fl jV \ V — and implies the existence of the "empty tube fibration" ([6]). 




This induces a proper submersion A : S™~ 1 n ^ _1 (-B£ \ {0}) -»> Sf -1 on the manifold 
with boundary, as in the proof of Theorem 11.21 

On the other hand, the condition that the germ of M(jr|j|) at the origin is empty means 

that the mapping -Ar : S 1 ™ -1 \ ^^(B'P) — > Sf^ 1 is a proper submersion for any small 
enough e > 0. Following the proof of Theorem 11.21 we see that in our situation the 
particularity is that the mappings to be glued along the boundary S 1 ™" 1 fl are 
actually the same mapping jjj^ from the both sides, hence the glueing is trivial, and of 

course smooth, with 6 := •jj^jt. We may therefore conclude as in the proof of Theorem 11.21 

□ 

Remark 2.2. Let us point out that the "tube" (]1J) may not be a fibration since our 
hypotheses allow singularities on fibres close to V. However, if OH]) is a locally trivial 
fibration with smooth fibres, it follows from the above proof that it is isomorphic to the 
Milnor fibration: A : S^" 1 \ K £ -> 5f _1 . 

3. Radial and polar weighted-homogeneous mappings 

3.1. Radial weighted-homogeneous mappings. Let us consider the IR + -action on 
R m : p ■ x = (p gi Xi, . . . , p qm x m ) for p G M + and qi, ■ ■ ■ ,q m G N* relatively prime positive 
integers. Let 7(2;) := J2f=i ( lj x j~(^- ^ e ^ ne corresponding Euler vector field on W l ; we 
have 7(2;) = if and only if x = 0. 
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We say that the mapping ip is radial weighted-homogeneous of degree d > if ip(p-x) = 
p d i/j(x) for all x in some neighbourhood of 0. 

Proposition 3.1. If if) is radial weighted-homogeneous andSmgtjj C V, then M(-^) = 0. 

Proof. We shall use the following criterion equivalent to {0} ^ M(jnnr) from the proof 
of [AT2l Theorem 2.2]: 3e > such that rankfi^z) = p, Vx G B™ \ V, where fi^(x) 
denotes the \{p — l)p/2 + 1] X m matrix defined as: 

UJp-l,p(x) 
£\j . . . j X m 

having on each of the rows the vector C0ij(x) := ipi(x) gra,dipj(x) — ipj(x) grad^(x), for 
i,j = l,...,p with i < j, except of the last row which contains the position vector 
(xi, . . . , x m ). Observing that ("/(x), gradip^x)) = d ■ ipi(x) for any i and any x G B™ \ V, 
we have: 

('y(x),u ij (x)) = d[ipi(x)ijj(x) - ipj(x)iJi(x)] = 0, 
which means that the Euler vector field j(x) is tangent to the fibres of tA-. We also have: 

(8) (l{x),x) = £>s l 2 >°> 

% 

for i^O. These show that the position vector x cannot be orthogonal to the tangent 
space of the fibres of rrj^, which means that the sphere S™~ x is transverse to the fibres of 

, for any e > 0. □ 

We get the following statement, the proof of which is an immediate consequence of the 
proof of Theorem 11.41 via Proposition 13. II and Remark 12.21 It also represents an extension 
to nonisolated singularities of our previous |AT2[ Theorem 3.1]. 

Corollary 3.2. Let ip be radial weighted-homogeneous and let Sing?/' C V. If the tube 
fibration (fjp exists, then (K £ , -J^r) is a (singular) open book decomposition and the fibration 

is isomorphic to the Milnor fibration : S^ 1 \ K e — > Sf^ 1 . □ 

3.2. Mixed functions and polar weighted-homogeneous mappings. We consider 
a mixed polynomial /(z,z) = c^z"^ where z = (zi,...,z n ), z = (^ 1 ,...,l n ), 
z u = z" 1 ■ ■ ■ z 1 ^ 1 , z M = z^ 1 ■ ■ -z^ n for v = (vi, . . . , v n ) and p = (p±, . . . , p n ) non-negative 
integer exponents. As a matter of fact, any mixed polynomial is a real polynomial mapping 
M 2n — y M 2 , and reciprocally. 

7 the name "mixed polynomial" was introduced by Oka [Okal . The concept has been used before, for 
instance by A'Campo |ACj . then by Ruas, Seade and Verjovsky |RS Vj . |CM| etc. 
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One says that / is radial weighted-homogeneous if it is so as a real mapping. Equiv- 
alently, there exist positive integers qi,...q n and d such that gcd(gi, . . . q n ) = 1 and 
SJ=i Qj{ u j + A*j) = d- The corresponding M + -action on C n is: 

t ■ (z, z) = (t^z u ...,t^z n , t qi z t , t^z n ), teR+. 

After |Okal] and [CM], / is called polar weighted-homogeneous if there are non-zero 
integers pi, . . . ,p n and k such that gcd(pi, . . . p n ) = 1 and Y^j=iPj{ v j ~ Pi) = k- The 
corresponding S^-action on C™ is: 

A • (z, z) = (A^zx, . . . , A p ^ n , A-^l 1; . . . , \- pn z n ), A g 5 1 . 

As usual, / is radial (respectively polar) homogeneous if the weights g$ (respectively pi) 
are all equal to 1. 

3.3. Proof of Theorem 11.51 It was proved in jOkalj that if / is radial and polar 
weighted-homogeneous, then Sing/ C V and there exists a locally trivial fibration f\ : 
C n \ V — > C*. Let c G C* be fixed. Since / -1 (c) is algebraic, there exists R c > such 
that / _1 (c) rh Sr for all R > R c . Moreover, we have: 

Lemma 3.3. / -1 (a) (tl £r ; /or an?/ a G DT, and any R ^ R c . 

Proof. If there exist a G -D* c | and i? > -Rc such that / -1 (a ) ft Sro> then there are 
z = (zi, . . . , z n ) G / -1 (a) C C n , 7 G K and /x G C* satisfying the following equation: 



5/ 

for 1 < z < n. This criterion, proved in |TY] . extends Oka's characterisation of the 
singular locus of /, cf |Okalt Prop. 1]. 

Let A G S 1 , t g]0, 1] be the numbers uniquely determined by the equality a = t \ c 
and set w = (wi, . . . ,w n ) = (Xq P Hq z%, . . . , A^^t^" l z n ). Since / is radial homogeneous 
and polar weighted-homogeneous, we have the following equations: 

d/ _ ^Pi-k,l-d^J_ 

d Wl ~ A ° h d Zi 
df _ \-Pi-k.i-d df 

dw, ~ dzi 

We take /xq = /^Aq fc tg~ 2 and 70 = 7. From the above equations it follows that: 



df _df 

7 Wi = Ho- h/X0 7^ 

OWi OWi 

for 1 < i < n. This contradicts the transversality hypothesis f~ l (c) (tl S^o since y 11 > 
i? c . □ 

Lemma [3731 and the fact that Sing / C V imply that / _1 (a) is diffeomorphic to / _1 (a)n 
B R , for any a G Df, and any i? > R c . 

Let then fix some e > and set t = -| > 0. The K + -action t ■ z = (tz 1; . . . ,tz n ) 
induces the diffeomorphism / _1 (a) DBr = f~ l {t d a) nB e . Taking 5 e = t d \c\ it follows that 
/| : f~ l (D* Si )nB e — > Dg e is isomorphic to the locally trivial fibration f\ : C n \V — > C*, thus 
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it is a tube fibration. Since the tube fibration exists and since our / is radial homogeneous, 
we may apply Corollary 13.21 to conclude our proof. 

□ 



4. Constructing more examples with nonisolated singularities 



4.1. Condition M(ip) \ V D V — {0} and Thorn regularity condition. It is well- 
known that, if V — ip~ l (0) may be endowed with a stratification S such that in a suffi- 
ciently small ball B t , the pair (B t \ V, S) satisfies Thorn's condition (a^), for all S G S, 
then the stratified transversality of V to all small enough spheres implies the transver- 
sality of the spheres to the nearby fibres in some neighbourhood N of V \ {0}. This 
transversality is equivalent to the condition M(ip) \ V n V — {0} and we may repeat 
the argument in the first part of the proof of Theorem_ 
of the tube fibration dU). This well-known observatioi 



1.21 to conclude to the existence 
_ may be traced back at least to 
[HLj^, where it is shown that in case of holomorphic function germs / : (C n , 0) — > (C, 0), 



the Thorn (a/) condition is satisfied^ along the strata of V = / _1 (0) D Sing / and this 
implies the existence of the tube fibration (jlj) due to the condition M(f) \ V fl V — {0}. 

It is conjecturally possible that the condition M(ip) \ VdV = {0} does not imply Thorn 
regularity condition. Let us at least point out two situations where one proves directly 
the weaker condition M(ip) \ V H V = {0}. One of them is contained in the proof of 
|Qka2t Lemma 51] in the setting of mixed functions /, where Oka shows the existence of a 
tube fibration for a special class of mappings, namely the "super strongly non-degenerate 
mixed functions". This is a quite strong condition which allows Oka to prove in |Oka2[ 
Theorem 52] the existence of Milnor fibration on spheres (by extending Milnor's method) 
and its equivalence to the tube fibration, hence the existence, in our terminology, of an 
open book structure with singular binding induced by the mapping jW. 

Another example of computation is the following one, where the mapping in not a 
mixed function, hence different from all the precedingly mentioned situations of |Oka2 
Theorem 52] or of Theorem 11.51 

Example 4.1. Let / : M 3 ->■ M 2 , f(x,y, z) = (y 4 - z 2 x 2 - x 4 ,xy). Then V(f) is the real 
line {(x,y, z) el 3 | x = y = 0} and Sing / = V(f). 

Let us show that M(/) \ V fl V — {0}. If this were not true, then, by the Curve 
Selection Lemma, there are some analytic curves x(t), y(t), z(t), a(t) and b(t) defined on 
a small enough interval ]0, e[ such that lim t _s. x{t) = lim^o y(t) = 0, lim^ z{t) = z ^ 
and 

(10) x{t) = a(t)(-4x 3 (t) -2x(t)z 2 (t)) + b(t)y(t) 

(11) y(t) = Aa(t)y 3 (t) + b(t)x(t) 

(12) z(t) = -2a(t)z(t)x 2 (t) 



8 see for instance [PSl Theorem 1.3] or [ATll §5]. 

9 see also Hironaka [Hi] and |Lej . 

10 Hamm and Le attribute this result to F. Pham. 
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Let us suppose x(t) = xo^+h.o.t. where £o 7^ and £ N. From ([12]) and lim^o z(t) = 
z , we get a(t) = ~^it~ 213 + h.o.t. We eliminate b(t) from ( !TT|) and ( fTUj) and get: 

y 2 (t) - x 2 (t) = a(t)(Ay\t) + Ax\t) + 2x 2 (t)z 2 (t)). 

From this equality, since lim t ^. 2x 2 (t)z 2 (t)a(t) = —z 2 < and oTd t (a(t)x A (t)) = 2(3 > 
0, and \im t ^ (y 2 (t) — x 2 (t)) = 0, we get y 4 (t) = — \j2x\z 2 t 2 ^ + h.o.t., which is a contra- 
diction. 

The following Thom-Sebastiani type statement allows one to build further examples. 

Proposition 4.2. Consider two mappings in separate variables, ip : (M m , 0) — > (MP, 0) 
and <p : (R n ,0) (M p ,0), such that Smgtp C V(ip) and Sing0 C 7(0). Assume that ip 
and 4> satisfy the Thorn regularity condition at V(ip) and V(4>), respectively. 

Then ip + <p : (R m x M. n , 0) — > (MP, 0) satisfies the Thorn regularity condition and there 
exists a higher open book structure with singular binding (K^ +( p,9) on S 1 ™ 4 ^ S which is 
independent of e > small enough, up to isotopies. 

If moreover ijj and are radial weighted-homogeneous then (K^ + ^, ) is a higher 
open book with singular binding. 

Proof. The sum of separate variables mappings which both satisfy the Thorn regularity 
condition has the same property and this follows by a standard check starting from the 
definition. Since Sing-?/> C V(ip) and Sing0 C V((p) it follows that Sing (ip+(fi) C V(ip+(f)). 
Then ip + <p verifies the hypotheses of Theorem 11.41 and the first claim follows. 

Furthermore, if each mapping is radial weighted-homogeneous, the separate variable 
sum ip + (p has the same property. Thus one may apply Proposition 13.11 and get the 
second claim. □ 

Example 4.3. Let h : R 3 x C" ■ -> M 2 , h = f(x, y, z) + g(w 1 , ...,w n ), where / : M 3 -> 1R 2 
is Example 14.11 and g : C n — > C = M 2 is a sum of monomials of the form or w** 
with complex coefficients and its image in M 2 is (Re g,lmg). Then g is radial weighted- 
homogeneous and has Thorn property. As for /, it is not radial weighted- homogeneous, we 
have seen above that it satisfies the condition M(f) \ VC\V = {0} but we need the Thorn 
regularity condition in order to apply Proposition 14.21 (first claim). We therefore show now 
that / satisfies the Thorn (a/)-regularity condition at Sing /\ {0}. So let us fix some point 
(0,0,,2o) £ Sing / = V(f), zo 7^ 0, and choose an analytic curve j(t) = (x(t),y(t), z(t)) 
with image in B £ \ V(f) defined on a small enough interval ]0, e[ such that lim t _ s . 7(^) = 
(0,0, zo)- For any t, the normal vector field v\(t) = (y(t),x(t),0) to the fibres of / is 
orthogonal to the direction (0,0, 1) of the line V(f ). Let us consider the second normal 
vector field to the fibres of/, namely v 2 (t) = (-4x 3 (t)-2x(t)z 2 (t),4y 3 (t),-2z(t)x 2 (t)). If 
x(t) = then this vector is clearly orthogonal to (0, 0, 1), so let us assume that ord t x(t) > 
0. Dividing V2(t) by x(t) and taking the limit as t — > we get (— 2zq, *, 0), which implies 
that (lim^o Zlft)\\ ' 0> 1)) — 0. These show that the tangent space to the line Sing/ 
is contained in the limit of the tangent spaces to the fibres of / and hence prove that / 
satisfies the Thorn (a/)-regularity condition at V(f) \ {0}. 
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